Recently it has been shown that in two dimensions is possible to add new Lorentz invariant terms built with fractions containing the null vector n = (1, 1). In this work, we have computed the meson spectrum following the 't Hooft model in QCD2 incorporating these new kinds of terms. We have obtained a new equation for the meson spectrum, where the 't Hooft model is a limit case, due to a difference in the gluon propagator.
I. INTRODUCTION
After the discovery of asymptotic freedom in Quantum Chromodynamics (QCD), this theory has been well accepted as a good description of the strong interactions. In spite of this fact, our understanding of the non-perturbative limit is not completely clear. To gain a better comprehension of some problems like confinement and bound-state spectrum, among others, is usual to work in lower dimensions. In this way, QCD 2 , whose study was pioneered by 't Hooft [1, 2] , has been an advantageous model to work in this field.
Although QCD 2 has been widely studied, for instance, about confinement [3] , scattering [4] [5] [6] , and heavy quarks [7] , it has been recently shown that the Lorentz theories in two dimensions admit new terms as we found in Very Special Relativity (VSR) [8] . Originally, VSR was conceived in four dimensions by Cohen and Glashow to explain the neutrino mass neither by invoking new particles nor leptonic number violation [9, 10] . In this theory, the main feature is the null vector n = (1, 0, 0, 1), which transforms with a phase under the SIM(2) transformations. It allows us to introduce new terms like n · p/n · k in the lagrangian. These theories have been studied in four dimensions in electrodynamics [11] , the electroweak sector [12] , non-commutative framework [13] and as a background theory [14] .
In two dimensions, since the Lorentz Group is a one-parameter group; hence, there are not continuous subgroups, we cannot define a SIM subgroup as in VSR theories. However, in the previous work [8] the null vector n = (1, 1) was shown to transform with a phase under Lorentz transformations. We will review in more detail this idea in Section II for the sake of self-completeness of this work. Thus, the possibility to add new terms to the two-dimensional models allows us to see new possible effects. In this work, we will consider this new two dimensional Lorentz invariant terms to compute the meson spectrum, following the work of 't Hooft.
The outline of this work is as follows. In Section II, we review the Lorentz group and the possibility to add VSR terms. In Section III, we describe our QCD 2 model with the new terms, and we establish the notation to work in the Light Cone Coordinates (LCC) and the Light Cone Gauge (LCG). In Section IV, we compute the quark Self-Energy and the ladder diagram that contributes to the meson spectrum. Here, we present the main result, the modified 't Hooft equation due to the new term added. Section V, is devoted to the numerical solution of our main equation, and finally, in section VI, we present the conclusions.
II. TWO DIMENSIONAL LORENTZ GROUP AND VSR
The full Lorentz Group for any dimension is the group of transformations that leave invariant the Minkowski metric
We use g = diag(+1, −1). From this definition is clear det(Λ) = ±1. However, we always refer to the proper Lorentz Group, as the set whose elements has determinant Λ = +1. Now we will focus our attention on the two-dimensional case. We can represent these transformations with 2×2 matrices. The two dimensional proper Lorentz transformations can be parameterized by This transformation does not have invariant tensors. However, the null vector
transforms with a phase under this transformation, Λn = e θ n. This fact means that we can add elements VSR-like to the lagrangian. For instance, we can have an additional term in the fermionic construction asψ i 2 m 2 / n(n · ∂) −1 ψ, which was initially introduced by Cohen and Glashow to explain the neutrino mass [9, 10] .
Besides, we could add VSR mass terms for the gauge fields, as it has been studied in [12, 15, 16] 
, where F µν is the field strength for a gauge field A(x) and D µ is the covariant derivative. This possibility is very interesting, because this term is gauge invariant and although in higher dimensions is not Lorentz invariant, here it is.
III. QCD2 IN THE LIGHT CONE COORDINATES
Considering those new terms that we can add, we start with the following lagrangian for QCD 2
where
ν , with f abc the structure constant of the local gauge group. In addition,
a , with τ a the generators of the gauge symmetry group. Moreover, M a is the Lorentz invariant mass for the quark q a . The term m is a VSR mass term, which in four dimensional SIM (2) theories we associate with the neutrino mass. The term m g is the gluon mass. We notice this lagrangian is gauge invariant under the transformation A In order to manage the non abelian field strength and the non-local terms, we will write the lagrangian (4) in the Light Cone Coordinates (LCC). We define
In these coordinates the metric components are g ++ = g −− = 0 and g +− = g −+ = 1. Thus, x + = x − and x − = x + . In addition, for any vectors R and S
Furthermore, for contractions with gamma matrices
, and they satisfy {γ
Choosing γ 0 = σ 1 and γ 1 = iσ 2 we have the following matrix representation
We take our null vector n, where n 0 = 1 and n 1 = 1. Its components in the LCC are n + = √ 2 and n − = 0. Thus, for any vector R, the inner product reads n · R = √ 2R − .
We will work in the Light Cone Gauge (LCG), here n · A = 0. In the LCC it means A − = A + = 0. Thus,
Putting all this together, we can write the equation (4) as
With this gauge and coordinate transformation we have only the true degrees of freedom. In this gauge the Fadeev-Popov ghost decouples from the S-matrix. Thus, only A − contributes to the S-matrix. In addition, the gluon self-interaction vanishes in the LCG, making easier the computations. The Feynman rules are listed in table III, where
A− propagator
Vertex igγ −   TABLE I: Table with the Feynman rules for the lagrangian in the equation (10) .
We notice that the new term in the quark propagator contains γ − . Since the vertex has the same gamma matrix, this new term will not contribute to the computations. Even so, although this part is not relevant, in the denominator of the propagator the mass is no longer the standard Lorentz invariant mass squared, but it is corrected adding m 2 . However, this modification is purely a mass shift, and it does not mean a physical difference. The substantial modification will come from the VSR gluon mass term. This new element will be crucial to distinguish new possible effects.
IV. QUARK SELF-ENERGY AND LADDER DIAGRAM COMPUTATION
Since the VSR term in the quark propagator does not contribute in our computations, we will have the same expression for the Self-Energy given by 't Hooft [2] with the difference in the mass M 2 ea and the propagator of the gluon. Thus,
where Σ is the sum of the irreducible self-energy parts after having eliminated the γ matrices following the 't Hooft work.
We use the definition of the sgn function and
We compute the indefinite integral
and evaluating in (12) we get the result for the quark Self-Energy
To recover the standard result we can expand in series the arctan for m g ≈ 0
Therefore,
If we define λ = 2mg π , we recover the result of 't Hooft. The result in (14) contains the standard result, and here the gluon mass m g acts as an infrared regulator since we did not require the use of the λ cutoff in the integration over
Now, we compute the ladder diagram, which satisfies the Bethe-Salpeter equation with a quark with mass M 1 and momentum p, and an antiquark with mass M 2 and momentum r − p. Therefore,
where ψ is the blob out of which comes the quark and antiquark, as is depicted in figure 1 . Moreover, we have used the dressed propagator
after eliminate the gamma matrices as before. Writing ϕ(p − , r) = ψ(p + , p − , r)dp + in (17) we have
We notice the integration in p + is non zero if sgn(p
If we choose r − > 0 the only interval when this relation is satisfied is when 0 < p − < r − . Thus,
This equation is our main result. The new gluon VSR term modifies the 't Hooft result, which should be contained in the limit µ g → 0. First, we notice the arctan will give a divergent part in this limit,
Nevertheless, the integral in the right hand side is divergent when y = x. If we come back to the equation (19) and we use the limit m g → 0; we can split the integral in the right hand side as
Thus, taking the principal value,
If we choose λ = 2mg π as in the quark Self-Energy we have
We notice this last term cancels the divergent part of the arctan. So, using a change of variables, we put all together and we will get
which is the t'Hooft result. Thus, the equation (26) is a limit case of (21) when µ g → 0.
Equation (21) is not solvable analytically. To solve it, we will proceed similarly to the 't Hooft work. First, we can write the equation (21) as
From (27) it is explicit that the values for the meson mass squared µ 2 are the eigenvalues of the operator H. We associate this operator with the Hamiltonian. It is easy to see it, considering the functional
where the inner product is defined as
When we minimize the functional S, we found the equation (21). Moreover, we observe H(x) is hermitian since we can take the following inner product
and it is explicit ψ, Hϕ = Hψ, ϕ for any ψ and ϕ continuous in [0, 1] . In order to avoid divergences when x = 0 and x = 1 we require ϕ(0) = ϕ(1) = 0. Thus, we have settled our boundary condition. Hence, we will observe the behavior in x = 0. Similarly to the 't Hooft work, we will use the ansatz ϕ(x) ∼ x β when x → 0. In this way
In this case, the only option is β = 1, since the integral on the right hand side of equation (32) is finite. Therefore, for µ g = 0, we have ϕ(x) ∼ x when x → 0. The same situation stands for x = 1.
Before we compute the numerical solution of the integral equation, we wish to study the behavior of the eigenvalues µ 2 for limit cases of µ g . First, we will consider µ g small. In this limit, and considering µ 2 large, the equation (21) now is
where we took µ g small but not zero. Since in this limit we approach to the 't Hooft solution, we use a similar ansatz ϕ(y) = e iλy , with λ > 0 and λ large. The integral in the right hand side is given by
Thus,
Since our boundary conditions are ϕ(0) = ϕ(1) = 0, we must take the imaginary part of the exponential solution as ϕ(x) = sin λx. Therefore, λ = nπ. Hence,
Notice that:
which is t'Hooft result.
On the other hand, for large µ g , the equation (21) reads
Integrating respect to x we can get
We can neglect the term 1/µ 2 g in the denominator, and we solve the integral. Since µ 2 g → ∞, the values of µ 2 are those where the result of the integral goes to infinity in the right hand side for any choice of α 1 and α 2 . We get two values
We rule out the solution with a minus sign because for equal masses (α 1 = α 2 ), when we replace this value in (39), the integral is finite. Hence, this solution does not match with µ 2 g → ∞. Therefore, the only value is given by
This equation will be important in the next section to check the good approximation of the first eigenvalues.
V. NUMERICAL SOLUTION
To compute the spectrum of equation (21) for different values of the quark masses, parameterized by α i , we will write ϕ(x) in terms of a basis of sine functions, which have the same behavior in the boundary. Hence,
and the equation (27) reads
We apply the inner product (30) in (43) with another basis element sin (nπx). Since the sine functions are orthogonal, we get
To write it in a compact form, we call
This equation is a system of equations that we could represent in a matricial way as
We solve this system using a computer, considering α 1 = α 2 = α, which means a meson built from equal mass quarks. We have taken the series up to N = 60. To check the precision in the estimation, first we run the code using µ g = 10 20 for α = 0 and α = 1.2. We got a relative error between the sixth eigenvalue obtained from the numerical computation and the value obtained using the equation (41) of 0.97%. It means the code gives with good accuracy the first eigenvalues. To show some examples we use the values for µ g = {0.25, 0.5, 0.75, 1} and for every one we compute α = {0, 0.25, 0.5, 0.75, 1}. The table with the first six eigenvalues for every choice of µ g and α is displayed in Table II , and figure 2 shows the plots of µ 2 as function of N . Also, we have plotted ϕ(x) corresponding to the first five eigenvalues for µ g = {0.25, 0.5, 0.75, 1} and α = 0 using N = 30. We show in figure 3 those plots.
VI. CONCLUSIONS
We have analyzed the effects of adding new Lorentz invariant terms in the 't Hooft model for QCD2. Those terms come from the fact that the null vector n = (1, 1) transforms up to a phase under the Lorentz transformations. These new terms in the fermionic propagator do not modify anything, except a different mass for the quarks. However, the new term involving the gluon field changes the equation for the meson spectrum. We have checked the 't Hooft model is recovered when m g → 0 and we have computed the modified eigenvalues and eigenfunctions numerically. We presented the plots for the meson spectrum for different choices of the parameters.
Although in higher dimensions the term involving the gluon field is no longer Lorentz invariant, but SIM (2) invariant, since this term has been associated to the gluon mass [12, 15] it is important to keep in mind this possibility since the gluon mass bounds are not as strong as the photon mass bounds [17] , where one of the estimated bounds using cosmological arguments was m g < 10 −10 MeV.
